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Abstract. We generalize Bertram's work on rank two vector bundles to an irreducible projective 
nodal curve C. We use the natural rational map 0l : IP(Ext ^(i, Oc)) 



SUc%L) C SUc{2,L) 



defined by (/'l([0 Oc E ^ L ^ 0]) ^ E to study a compactification SUc{2, L) of the moduli 
space SUc{'2,L) of semi-stable vector bundles of rank 2 and determinant L on C. In particular, 
we resolve the indeterminancy of in the case deg L = 3, 4 via a sequence of three blow-ups with 
smooth centers. 
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1. Introduction 

In [Ber92], Bertram used extensions of line bundles to study rank-2 vector bundles of fixed 
determinant on a smooth curve. We generalize his construction to an irreducible projective nodal 
curve C. The idea is to consider extensions of L by Oc, where L is a generic line bundle on C, and 
consider the 'forgetful' map which sends an extension to the vector bundle of rank 2 in the middle, 
forgetting the extension maps. This gives a rational map from P(Ext c{L, Oc)) to SUc{2, L), the 
moduli space of semi-stable vector bundles of rank 2 and determinant L. If the arithmetic genus 
of C is > 2 and degL = 3 or 4, we resolve the indeterminancy of the map by a sequence of three 
blow-ups with smooth centers. A nice aspect of these blow-ups is that there exists at each stage 
a 'universal bundle' which induces the rational map in a natural way. 

Let 5Wc(2, L) be the natural compactification of SUci^, L) via torsion-free sheaves introduced 
by Newstead and Seshadri (see [New78] and [Ses82]). Our main theorem is the following. 
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Theorem 1.1. Let C be an irreducible projective nodal curve of arithmetic genus > 2, and let L 
be a generic line bundle on C of degree 3 or 4. Let (pi : P(Ext ^(L, (9(^)) ^SUc{2,L) C SUc{2, L) 
be the natural rational map defined by 0l([O — >■ Oc —>■ E —>■ L ^ 0]) = E. There exist a sequence 
of three blow-ups with smooth centers 

PL,3^PL,2^PL,l^P(Ext^(L, Oc)), 

such that 

O £1 O £2 o £3 : Pl,3 — >SUc{2, L) 

extends to a morphism (j)L,z- 

An important fact is that the fibers of 0i^3 are connected. As a corollary, we can give a new 
proof of the fact that, if C is an irreducible nodal curve of arithmetic genus 2, and degL is odd, 
then the normalization morphism <SWc(2, L) — > SUci^, ^) one-to-one. 

We also give the idea for a new proof of SUc{2, L) ~ for an irreducible nodal curve of 
arithmetic genus 2 when deg L is even. 

If the arithmetic genus of C is 1, using the morphism (pi with L of degree 1 or 2, we prove that, 
as in the smooth case, 

if deg L is odd 
if deg L is even ' 



SUc{2,L)^SUc{2,L) ~ 




and there are no stable bundles of even degree. 

In general, using the rational map ^^^^3 with degL > 3, we prove that the complement of 
SUc{2,L) in SUc{2,L) has codimension > 3 for every irreducible nodal curve of arithmetic 
genus > 2. It follows, using [Bho99] and [Bho04], that ^3s-4(5Wc(2, L)) ~ Z. Moreover, if 
degL — 2g—l, we find open sul)scts U C P^^ 3 and V C SUc{2,L) such that (t>L,2\u'- U isdiXi 
isomorphism, and codim {SUc{2, L) \ V, SUc{2, L)) > 2. As a corollary, we prove directly that 



Asg_4SUc{2, L)) = A3,-4(5Wc(2, L)) ~ Z 

if deg L is odd. 

Acknowledgements. A special thanks to my Ph.D. adviser E. Izadi for her constant guide and 
support throughout the program. I would also hke to thank V. Alexeev, A. Bertram, R. Smith, 
V. Vologodski, and especially R. Varley, for many useful discussions. 

Notation 

Let J be the set of nodes of C. For a subset J' of J, we denote by ttj/ : Cj/ C the partial 
normalization of C along the nodes in J' . In particular, for J' — J we obtain the normalization 
tt: ^ C of C. For every p E J, let pi,P2 be the two points which map to p under any partial 
normalization map ttj' with p E J'. 

If X is a projective variety, a sheaf on X x C of the form tt^-F (8) tt^G (for some sheaves F on 
X and G on C) shall be denoted by F Kl G. If it is of the form tt^L" or ttqC, we shall sometimes 
just denote it by F or G, if it is clear from the context that we are actually considering the sheaf 
on a: X C. 

We shall assume throughout the paper, unless it is explicitly stated otherwise, that the arith- 
metic genus of C is fl' > 2 (and we shall simply call it the genus of C). 

Whenever we do not explicitly define a homomorphism of extension spaces throughout this 
paper, a natural push-forward or pull-back of extensions is understood. 
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2. Description of 0^ 

Let us start with extending to our situation some of the basic results of the smooth case. Since 
Ext c{L, Oc) ^ H^{C, L-^) ~ L^uc)* (see [Har77, chapter III]), the hnear system \L®uc\ 

defines a rational map ^l®ujc '■ C ^ \L ® ijJc\' — Pl, where we denote P(Ext ^(L, Cc)) by to 
simplify the notation. Let \Jl ^ Pl be the open locus of semi-stable extensions, i.e., the open 
subset where 0l is well-defined. 

Proposition 2.1. (1) IfdegL < 0, then Ul = 0. 

(2) //O < degL < 2, then Ul = Pl. 

(3) //3 < degL < 4, then Ul = Fl\ V^mu^dC)- 

Proof. The same is true for a smooth curve (see [Ber92]), and the proof in our case is similar, 
except for two technical details that we prove in Lemmas 12.21 and 12.31 □ 

Lemma 2.2. Every torsion-free sheaf of rank 1 and degree 1 on C with a section is either isomor- 
phic to Oc{q) for some smooth point q E C {if it is locally-free) or it is isomorphic to {TTp)^:Ocp 
for some node p {if it is not locally-free) . 

Proof. Every torsion- free non-locally-free coherent sheaf F of rank 1 on C is of the form {tiji)*J^ 
for some line bundle on a partial normalization Cji of C (see [Ses82]). If it has a section, then 
Oc C F implies that Ocj, = t!'jiOc C JF, and therefore, degjF > 0. Since F has degree 1, and 
it is not locally-free, J' must contain only one node p, T must have degree 0, and therefore be 
isomorphic to Oc^- D 

Lemma 2.3. If q is a smooth point of C , then 

fm^aiq) = P(ker(Ext^(L,Oc)^Ext^(L,Oc(g)))). 
If p is a node of C , then 

^L^uciv) = P(ker(Ext J;(L, Oc)^Ext ^(L, (vrp),^^,))). 

Proof. If g is a smooth point, the proof is the same as in the smooth case. If p is a node, then 
VL®ujcip) is hyperplane of II^{C,L ujc) defined by the sections vanishing at p. Since the 
sheaf generated by the regular functions vanishing at p is the sheaf {np)^{Ocp{—pi — P2)) and its 
dual is (7rp)^C(7p, Vl^wc^p) corresponds to the kernel of the linear homomorphism H^{C,L^^) 
H^{C, ® (7rp),OcJ, where we identified H^{C,L0uJc)* with H^{C, L'^). If G is any coherent 
sheaf, we can identify Ext^(L,G) with H^{C,L^^ ® G), and the linear homomorphism above 
becomes ipp as claimed. □ 

From now on, all through Sectional we shall restrict ourselves to the case when degL is either 
3 or 4. 

Lemma 2.4. //degL > 3, then ipii^ujc 0,1^ embedding. 

Remark. Since fL(S)ujc is an isomorphism onto its image, we shall identify G with fL(^i^ci^) — ^l- 

Proof. We need to prove that, for every q,q' E G not both equal to a node p, II^{G, L ® ujc ® 
Xq ®Xqi) = II^{G,L (8)a;c) = 0, where 2q [resp. Xgi] is the ideal sheaf of the point q [resp. q'], and 
that Lr^(C, L (g) cue ® 2^) = H\G, L uc) = for every node p (see [Bar87]). 

Case I: q, q' smooth points. Then, by Serre duality, II^{G, L®UL)c®1q®1q') — II°{G, L""^(g+g'))*, 
which is zero because deg(L~^(g + q')) < 0. 
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Case II: q smooth point and q' = p node. Since HpUJc — ^^CpiPi + P2) (see [Bar87]), using the 
projection formula we obtain uc — {7ip)^:UCp, and L ® ujc ®Tq ®Xp ~ L{—q) ® {7!'p)*uJCp — 
{7ip),{7r;{L{-q)) cucp)- Therefore, H\C, L ® uc Tg 1^,) ~ H\Cp,7r;{L{-q)) tocp) ^ 
H^{Cp,7ip{L~^{q)))*, which is zero because deg(7r*(L~^(g))) < 0. 

Case III: q = p, q' = p' distinct nodes. Since ''^{pp'j^c — ^c^p^iyiPi +P2 +Pi +P2) (^^e [Bar87]), 
we obtain ujc 'S) Ip Ip' ^ {7r{p.p>y)^uJc^^^^,y and L ®ujc ®Tp®Ip' ^ L ® {'K{p^p:})^uc^^^^,^ ^ 
(vr{py})*(7r*pp,^L®^c;{^^,))- Therefore, H\C, L^uc ^Iq^Iq') ^ i/^(C{py}, 7r*pp,jL ® c^c^p^^,^) ~ 
-f^°(C{p,p'},7i"{py}-^^"^)*, which is zero because deg(7r|pp,jL"^) < 0. 

Case W: q = q' = p node. Then uc ^ Ip ^ {'^p)*i^Cpi—Pi — P2)) and L ® ujc ® 1^ — 
{TTp),{n;L ® uJCpi-Pi - P2)). Therefore, H\C, L^uJc®'^) - H\Cp, vr^L ® cocpi-Pi - P2)) ^ 
H'^ {Cp, TTpL^^ {pi +P2))*, which is zero because deg(7r*L~^(pi + P2)) < 0. □ 

Lemma 2.5. The projective tangent plane to C at a node p is 

TpC = nker{ExtUL,Ocf-^ExtUL, (7rp),(Oc,(pi + P2))))). 

Proof. It is easy to see that all the kernels involved in this proof have the right dimension. The 
secant line between the node p and a smooth point q is given by 

P(ker(ExtJ.(L,Oc;)— ExtJ.(L,(7rp),Oc,(g)))), 

this being a 1-dimensional linear subspace of which contains both p and q. If we take the limit 
as g I— > p along the branch corresponding to {i = 1,2), we see that the projective tangent line 
at p to that branch is Xp. := P(ker(Ext ^(i^, Cc) ^ Extlj{L,{Tip)^{Ocp{pi))))) {i = 1,2). Since 
¥(keT{ipTpc)) is a 2-dimensional linear subspace of Fl which contains both Xp^ and Xp^, it is the 
projective tangent plane TpC to C aX p. □ 
We end this section with an important way to describe the rational map 0l- 

Proposition 2.6. There exists a locally-free sheaf Sl on x C such that Sl\{x}xc — 4>l{x) for 
every x G Pl \ C. Moreover, Sl is an extension in Extl,^y^^{L,Opj^{l)) , and for every a 7^ m 
Extl.(L,Oc), if we identify 7[p^Of^{l))\{[a]}xc ''^'ith Oc using a, Sl restricts on {[a]} x C to the 
extension a itself. 

Proof. Let Sl be the extension corresponding to the identity homomorphism under the natural 
isomorphism Extp^^cl-^' ^Pl(I)) — Hom (Ext ^(L, (9c), Ext ^(L, C^)). Then, if a 7^ is an 
extension — > Oc — > Ea L 0, SlIhoDxc is Ea (see [Arc04]). □ 

3. The first blow-up 

Since the indeterminancy locus of the rational map 0^: Pl ^ SUc{'2,L) is the curve C C P^^, 
to resolve the indeterminancy via a sequence of blow-ups with smooth centers, we need to begin 
the process with the blow-up of Pl at the set of nodes J C C. By Lemma 12.31 a node p is 
F{ker{ijjp)), where -ipp is the natural linear homomorphism Ext^j^L, Oc) Ext^{L, (Trp)^Ocp). 
Therefore, the exceptional divisor Ei of P^, 1 := BCjFl Pl is canonically isomorphic to 
U^,^P(Ext^(L,(7rp).OcJ). 

Theorem 3.1. (a) The composition 0^ ° ^1 • SUc{2,L) extends to a rational map (pL.i 

defined as follows: For every node p, a point x G Ei\p corresponds to an extension E'^ in 
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Ext(^(L, {7ip)^Ocp)- Its image 0L,i(a;) is the torsion-free sheaf which is the image of E'^ under 
the natural homomorphism 



(6) The indeterminancy locus of the rational map (f)L,i'- SUc{2,L) is the union of the 

strict transform Ci of C and the lines Lp := F{keT{iljL^)) C Ei\p. 

The strict transform Ci of C is isomorphic to and, for each node p, it intersects Ei\p at the 
two points pi,p2 lying on p. The following lemma describes the lines Lp. 

Lemma 3.2. The points on Lp correspond to the directions tangent to p in TpC , the projective 
tangent plane to C at p. In particular, Lp is the line through pi and p2 in Ei\p. 

Proof. It suffices to show that Lp contains pi and p^. It is easy to see that, for i = 1,2, pj = 
P(ker('?/'j)) C P(Ext (7rp)*0(7p)) ~ Ei\p, where is the natural map Ext ^(L, (7rp)^,0(7p) 
Ext ^(L, (7rp)*(9c'p(Pi))- To prove that pi,p2 G Lp, we need to show that 'keiipi C 'keiilji^ for 
i = 1, 2. A non-trivial extension E in Ext \;{L., {'Kp)^Ocp) is in the kernel of ifji if and only if there 
exists a surjective map E {j^p)*Ocp{j)i)- The kernel of this map is L {{j[p)^Ocj,)* , and E is 
therefore also in the kernel of ipip- D 

It can be shown that, for every node p, the image of the natural linear homomorphisms ipip is 
isomorphic to the space of extensions Ext ]j (7r*L(— pi — ^2), C^Cp) via the homomorphism (vTp)*. In 
particular, no torsion-free sheaf in the image of (t)L,i\Ex is locally- free, being a push- forward from 
a partial normalization of C. 

Corollary 3.3. The image \ (Upgj-^p ^ ^1)) (^f 'Pl,! in SUci^, L) is given by^ 



0l(Pl \C)U{Ee SUc{2, L)\E = {'Kp),£ for some p e J and S e Ext }.^{n;L{-pi - pa), CcJ}- 



in Ext ^(L (g) {{TTp)^Ocp)*, {TCp)^Ocp) are semi-stable. 

Proof. Assume that E is not semi-stable. Then there exists a torsion-free quotient F of of 
rank 1 and degree < 1. Consider the composite map {'n'p)^Oc ^ E ^ F . If it is the zero- 
map, then the morphism E —>■ F factors through L ® {{T^p)*C>Cp)* ^ and this is not possible since 
deg(L {{'n'p)*Ocp)*) > 1 > degF. If it is not the zero-map, then it is an inclusion because 
{7ip)*Ocp is torsion-free, and this implies that degF = 1 and F ^ {'n'p)*Ocp- But this can happen 
only if the extension we started with is trivial. □ 

We saw in Proposition l2.6l that there exists a locally-free sheaf £l on P^, x C such that Sl\{x}xc — 
4>l{x) for every x e Fl\C. To prove Theorem l3.11 we introduce a torsion-free sheaf S^^i on P^,,! x C 
which induces the rational map (pi,!- It is defined by 



Note that, since {{'^p)*Ocp)* — (i'p)*C'cp(~?'i ^ P2), the push-forward of TT*L{—pi — P2) from Cp to C is 
isomorphic to i ® ((7i'p)*Ccp)* by the projection formula. 



Before we prove Theorem 13.11 we need the following lemma. 
Lemma 3.4. For every node p, all non-trivial extensions 

0^(np),Ocp^E^L ® ((7rp),OcJ*— ^0 




6 



D. ARCARA 



Note that the map is surjective because, for every node p, Sl\{p}xc is isomorphic to 4>l{p), which 
surjects onto {irp)*Ocj, by Lemma 1231 Moreover, the sheaf (Bpej^E-^ip {TCp)^:Ocp is supported 
on El X C, and so Sl,i defines the same map as £l on P^^^i \ Ei ~ \ J, i.e., Sl,i\{x}xc — 
^L\{ei(x)}xc — (pL,i{x) = for every x e Pl,i \ Ei. If x e ^'ilp, we have an exact sequence 

Sl,i\{x}xc ~^ (^ij ^)*^l\{x}xc (^p)*C'cp 0, which completes to an exact sequence on C 

— >T — >Sl,i\{x}xc — ^^l\{p}xc — ^(7rp)*Ccp — ^0, 

where T is the torsion sheaf Tor^^'^^'^ {OEi\p^{'n'p)*Ocp, O^^jxc), that we shall see to be isomorphic 
to {iTp)^Ocp. Since the kernel of Sl\{p}xc {.'^p)*Ocp is ((7rp)*Ccp)*, ^^l,i|{x}xc is an extension 
of L C?) {{t^p)*Ocp)* by {tt:p)*Ocj,- Therefore, by Lemma i^L,i|{x}xc is semi-stable if and only 
if it does not spht as such an extension. To prove Theorem 13.11 we need to show that £l,i\eixc 
induces the rational map 0l,i|_Ei, i.e., that £L,i\{x}y.c — Ex for every x G Ei. This will be proved 
in Proposition 14.21 

4. Description of S^^i 

The main goal of this section is to prove that S^ i induces the rational map (pL,!, and we start by 
analyzing S^ i. Since Sl fits into a short exact sequence — >• Cp^(l) — f^i^ — L — on x C, 
and the image of the composite map e^Cp^(l) (ei, ©pejC^ilp ^ i'^p)*Ocp is Oe^xc, 

we obtain the following commutative diagram on P^^^i x C 





> Ai > £l,i ^ Bi > 



(■^^ > e\0^,{l) > (£i,l)*^L > L > 

i 1 i ' 

> Oe.xc > QOe,\,^{'Kp)*Ocp > ®Oe,x{p} > 

peJ peJ 

i 1 i 



where Ai, Sli, and Bi are defined by the exactness of the vertical exact sequences. In particular. 

This shows that Sl^i fits in a short exact sequence £{0^^ (1) ® Op^ ^ ~^ ^ Bi ^ 

on Fl,i X C which restricts to a short exact sequence OEii^) Sl,i\eixc BiIe^xc — > on 
El X C. The restriction stays exact because Oei (1) is locally-free, and the map C^;^ (1) Sl,i\eixc 
is generically injective. Therefore, the image of any Tor sheaf which would appear is 0. 

Remark. We shall use this fact several times when restricting diagrams or short exact sequences. 
When no comments are made about a sequence staying exact after a restriction, the reason shall 
be the same as here, i.e., the first sheaf is locally-free, and the first map is generically injective. 

Lemma 4.1. For each node p & J, there exists a short exact sequence 
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on Ei\p X C. 

Proof. If we restrict the diagram to Ei\p x C, we obtain 















> Oe,U1) 



o 



Ei\pXC 



^L,i\ei\pXC 



'^C^l\{p}xC 



OE,lpMi7lp)^Ocp 



Oei\pX{p}{K 



Ei\pXC 



o 



Ei_\pX{p} 











It follows from the commutativity of the diagram that 

kQi{Ti*c£L\{p}xc — ^7rJ((7rp)*OcJ) ^ ker(7r^L — >Oe^\px{p}) ^ ® {{-Kp)^Ocp] 
which implies our statement. 

Proposition 4.2. The sheaf Sl^i on i x C induces the rational map (f>L,i- 



□ 



Proof. Since we already saw that £l,i defines the rational map (f)L,i on P^^i \ Ei, it suffices to 
show that, for every node p, Sl,i\ei\pxc induces the rational map (Pl,i\ei\p- Fix a node p E J. 
If we pull-back the extension Sl to i x C, and then push it forward via the inclusion 







(2) 



elO^,{l)^{np),Ocp 



f 

^0 



L 











we obtain an extension Sq which splits when restricted to Ei\p x C. Indeed, elOf>j^{l)\Ei\p — Oei\p, 
and since Ext E^^^^ci^, {^p)*C>Cp) ^ H^{Ei\p,OE^\p) ® Ext ^(L, (7rp)*CcJ (see [Arc04]), we see 
that i^oUilpxc splits as long as Sq\{x}xc splits for some x G Ei\p. Restricting the diagram (j21) 
above to {x} x C for any x G Ei\p, we see that Sq\{x}xc is the trivial extension V'pl^Llipjxc)- 
Therefore, there exists a surjective map £q ^Ei\p ^ ij^p)*Ocp'- Define £[ to be its kernel. 
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There exists a commutative diagram on P/, i x C: 





f 

^0 







0, 



p)*^Cp 




with A[ ~ (£tCp^(l) ® Op^^(-Eilp)) K (7rp),Ccp- Moreover, if we restrict h: £l,i ^ (^i, 
and i[: S[ ^ Sq to Ei\p x C, we obtain the following commutative diagram, where the first row 
is the exact sequence described in Lemma f4. 11 



> OE,^^{l)^{n,),Oc, 



C I «llBilpXC 

^ ^L.ll^ilpXC ^ 







^ Oe,\,{\)^{j^,\Oc, 



^(1 



SilpXC 



«llBl|pXC 







This shows that ^l,i|ei|pxc is the pull-back of i^il^iipxc via the inclusion L ® ((7rp)*Ocp) 
pulled-back from C to x C. 

This is a summary of the steps we took in the construction of E'^E^\yy.c'- 



(£i,l)*^L G 



i 

Exti^^,c(L,£tajl)) 



Exti, 



i 



(7r„).a 



^lUilpXC 



Extp, 



T 



i 



Ext^^l^,^(L, 

Using the natural isomorphisms Ext \^c^L,FmG) ~ ® Ext^(L,G) (see [Arc04]), 

we can understand what extension i^ilsiipxc is by tracking the corresponding elements in these 
spaces. Let VQ,...,Vn be a basis of Ext J;(L, Oc-), with Span{t>o} = (p), and let t;Q,...,t>* be 
the corresponding dual basis in Ext ^(L, Oc*)* ~ if°(PL, Cp^(l)). Then El corresponds to the 
element ^"=o "^j* ® "^i ^ ^^^l-, Cp^(l)) ® Ext Oc); and l^iipxc corresponds to the element 
Er=i^p(^*)*®^p(^i) ^ ^°(^i|p>C'i7;i|p(l))(g)Ext^(L, (7rp)^Cc'p)- Therefore, since £^L,iUi|pxc is the 
pull-back of i^{|si|pxc via L (g) ((7rp)*Ccp)* ^ I^, i^L,i|si|pxc corresponds to ■j/'l^ itself. This proves 
that, for any a G Ext^(L, (7rp)*Ccp), a 7^ 0, £^L.i|{[a]}xc is V'Lp(a) as extensions of ((7rp)*Oc'p)* 
by (7rp),Ocp. □ 



extensions and rank-2 vector bundles on irreducible nodal curves 

5. The second blow-up 
We now blow-up F^^i along the lines Lp C Ei\p {p E J). Let 



Pl,2 := BCu^^Lp^L,l^^L,l^^L 



and let E2 C fi^^2 be the exceptional divisor, which is the disjoint union of projective bundles 
E2,p -^Lpipe J). 

Theorem 5.1. (a) The composition 06:2: IPl,2 — ^<Sl^c{'^, L) extends to a rational map 2 
with the following property. For each I G Lp, the rational map 4'l,2\e2\i '■ -^ab — ^SUc{2, L) is the 
projectivization of a linear homomorphism Ml^/Vl i\i ~^ H'^, where H'^ is the closure of the locus of 
vector bundles of determinant L in Ext q{L ® ((Trp)*^^^)*, {TTp)*Ocp)- This linear homomorphism 
is an isomorphism if I j^pi,p2, and it maps Mlp/^l -i\p^ {i = 1,2) surjectively onto the hyperplane 

(6) The indeterminancy locus 0/0^.2- ^l,2 SUc{'2,^L) is the strict transform C2 of Ci. 



Corollary 5.2. The image 0l,2(IPl,2 \ C2) of (f)L^2 in Sh{c{2,L) is given by 



Remark. Here IP(i^p) actually stands for its image in SUc{2, L) via the natural 'forgetful' map, 
which is a morphism by Lemma f3 .41 We shall prove that this morphism is injective if g > degL. 

Note that the strict transform C2 of Ci is isomorphic to Ci and A^, and, for each node p, it 
intersects i?2,p at two points pi and p2 lying over pi and p2, respectively. 

The first step in the proof of Theorem 15.11 is the analysis of the exceptional divisor E2. For 
each node p, i?2,p is canonically isomorphic to the projective bundle IP(A/Lp/Pii) 

over Lp. Since 

M'lp/Pli is the normal bundle to Lp in P^^i, it contains the normal bundle to Lp in Ei, and we 
obtain short exact sequences — > Mip/E-^ — > -^Lp/Wl 1 ~^ -^Ei/Fl Jl^ ^ of vector bundles on Lp. 
Lemma 5.3. For each node p, the sequence Mlp/Ei -^Lp/Vl 1 ^ -^Ei/Pl iUp splits. If 
N = dimPi, thenAfLp/E^ Cl^(1)®^-2, and AfE^/WrJip ^ C?l,(-1). Moreover, P(A6?,/p^JlJ 
maps isomorphically to TpC fl E2 via 62° ei, where TpC is the strict transform ofTpC in Pl,2- 

We shall denote P(A/£;i/p^ Jlp) by L2,p. It is isomorphic to Lp via £2^2,^5 it corresponds to 
a section of i?2,p Lp. 

Proof. The short exact sequence X^p/Xl^ ^SiUp —* 0, together with the standard 

short exact sequence for f2pn (see [Har77, 11.8.13]), proves that Nhp/Ei — OLpiX)®^'"^ . It is a 
standard fact about blow-ups that J^Ei/Fl ikp — ^Lp{—^)- Finally, the short exact sequence — 
J^Lp/Ei -^Lp/Fl,! -^Ei/Fl^Ilp ^ splits because every extension of Clp(-I) by (^^^(l)®^-^ 
splits. Indeed, Ext i^(OL^(-l), Cl^(1)®^-2) is isomorphic to ®^~^H\Lp,OLp{2)) = 0. 

The prove the last statement of the lemma, note that, for each / G Lp, if we let Xi be the 
projective line in P^ which passes through p and corresponds to /, we obtain the following canonical 
isomorphisms: 

\r I TiFli ~ {Xi) 
Me,/f.,V ^ ^ ^ TpX, ^ ^ ^ (0 

n n 

Ext^(L,Oc) 



Ext^(L,(7rp),Oc 
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where, if \^ is a vector space, and S* is a linear subspace of P(l^), we denote by {S) the hnear 
subspace of V corresponding to S. □ 
Before we proceed to the proof of Theorem 15.11 it is important to study the following situation: 
Fix a node p of C (throughout this section), let TpC be the projective tangent plane to C at p, 
and let X be a projective line in TpC passing through p. As we saw in Lemma f3.2[ such lines are 
parametrized by Lp. Any such line Xi {I G Lp) intersects C at p (and possibly at other points, but 
always a finite number), and there exists a rational map 4>l\xi- Xi SUc{2,L), which extends 
uniquely to a morphism ipi defined on the whole Xi . We are interested in finding tpi {p) . The points 
of Lp are in one-to-one correspondence with torsion-free sheaves Mi [I e Lp) of rank 1 and degree 
2 containing {TTp)*Ocp, and 

X, = P(ker(Ext^(L, Oc)^Ext ^(L, M,))). 

Note that, if / 7^ Pi,P2, then Mi is a line bundle, and if I = Pi {i = 1, 2), then Mp. is {Tip)^Ocp{pi)- 

Lemma 5.4. Let I G Lp, I 7^ Pi,P2- Then ipii^p) is the unique {up to isomorphisms) torsion-free 
sheaf El which can be written both as an extension 

0^inp),Oc,^Ei^L ® {{np),Oc,)*^0 

and an extension 

— >L ® Ml — >Ei — >Mi — ^0. 

In particular, it is locally- free. 

Proof. Since for every a; G X; \ {p}, '4)i{x) maps onto M;, the same is true for ipi{p). Indeed, it 
cannot surject onto something of smaller degree, or it would not be semi-stable. Since ipilp) is in 
SUci^, L), the kernel of ipi{p) Mi must then be L ® Mf, and we have a short exact sequence 
^ L (g) Mf ^ ijji{p) ^ Mi^O. 

Since ipilx) surjects onto L for every x E Xi\ {p}, tpi{p) surjects onto some torsion-free sheaf 
F C L, which must have degF > 2 because ipiip) is semi-stable. Moreover, F ^ L because in 
that case ipi{p) would be an extension of L by Oc, but we know that the limit in is i^L|{p}xC5 
which is not semi-stable. Since ipilp) is an extension of M/ by L ® M*, and every map from M; to 
F is zero because Mi 9^ F, the composite map L ® M^* — > ipi{p) ^ F is non-zero, and therefore 
L® Ml CI F CI L, which implies that F c:^ L ® ((vrp)*OcJ*. 

Therefore, 'ipiip) is both an extension of Mihy L® Mi and ofL® {{'Kp)^Ocp)* by {Tip)^Ocj,, as 
claimed. Any such sheaf is in the kernel of the natural linear homomorphism Ext ci^h L®Mi) — >■ 
Ext ]j{Mi., L ® {{'^p)*Ocp)*) which is one-dimensional, being isomorphic to Homc'(M;, Cp). □ 

We shall prove in Proposition 16.21 that the points of L2,p = TpC H E2 — Lp map to these vector 
bundles Ei. The following lemma describes their geometry. 

Lemma 5.5. The torsion-free shaves Ei {I G Lp) form a conic in a quadric Q in 
P3 ~ P(ker(Ext^(L ® ((7rp),OcJ*, (7rp),OcJ-^Ext ^(L ® ((7rp),OcJ*, (vrp)*Oc;,(Pi + P2)))). 
Proof. For every I E Lp, let 

:= P(ker(Ext^(L ® ((vrp),^^,)*, (vrp),Oc;J-^Ext ^(L ® ((vrp),^^,)*, M^))), 
Xi,2 ■■= P(ker(Ext^(L® ((7rp),Oc;J*,(vrp)*OcJ^Ext^(L®M;,(7rp),OcJ)). 
For each / G Lp, the lines Xi i and X^/ 2 span the plane^ 

P(ker(Ext^(L® ((7rp),OcJ*,(vrp)*Oc7j— ^Ext^(L®M*,MO)), 

^For the dimension of the kernels involved in this proof, see [Arc04]. 
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and the union of all these lines is a quadric Q. We shall show in Lemma l^n that H'^ := {det ~ L} 
is a hyperplane in Ext q{L ® ((7rp)*(9cp)*5 {^p)*^Cp)- Similarly, IP(-ffp) fl is a hyperplane in this 
P^, and the intersection of P(-f^p) with Q is the conic in the lemma, since we know that each Ei is 
contained in both. □ 
To prove Theorem 15.11 we shall first construct a torsion-free sheaf Sl.2 on Fl,2 x C, and then 
show that it induces the rational map 4'l,2- We can construct Sl^2, starting with the torsion-free 
sheaf £l,i corresponding to the rational map 4>l,i, as follows^ 

Sl,2 := ker (^{e^, 1)*^^,!^ ^ inp),Oc)j • 

Moreover, the sheaf ©peJ^2^Lp(l) ^ (^p)*C>Cp is supported on E2 x C, and so Sl^2 defines the 
same map as S^^i on Pj, 2 \ E2 — Pl,i \ Upej-^p- The situation is very similar to the one in the 
first blow-up, and it is easy to see that, for every node p, every / G Lp and every x G E2\i, we have 
an exact sequence 

^(^p)*CCp ^£l,2\{x}xC ^^^L,l|{OxC ^(^p)*Ccp ^0. 

Since £l,i\{i}xc — i'^p)*Ocp®iL^{{np)^Ocp)*) for every / G Lp, we obtain that, for every x G -E2,p, 
^L,2\{x}xc is an extension of the following type: 

We shall prove in Proposition 16 . 21 that the sheaf £^^2 induces the rational map (j)L^2- In particular, 
for every / G Lp, the restriction of (f)L^2 to E2\i is a rational map 

^2|z— P(Ext^(L®((7rp),OcJ*,(vrp).OcJ), 
that we want to prove to be linear, and to be a morphism for / ^ pi,p2. 

Lemma 5.6. For every node p, and every I G Lp, the rational map 

(pL,2\E2b ^2b^P(Ext UL ® {i7lp).Oc,)\ {np)*Oc,)) 

is linear. 

Proof. We give a direct proof of this lemma, but it also follows from the fact, that we shall prove 
in Lemmainm that Sl,2\e2\ixc G Ext^^|,^c(^® (K)*C'cJ*,C£;2|,(l) K (7rp)*Cc7j (see [Arc04]). 
From the proof of Lemma 15.31 it is clear that there exists a commutative diagram: 

E2\i F{ExtUL®{{rfp).Oc,y,{7ip),Oc,)) 

u u 

Since the morphism P(A/lp/_Ei \i) P(Ini'?/'Lp) is a linear isomorphism, the map itself is linear. □ 
Let us now show that Hp is a hyperplane in Ext^(L ® ((vrp)*Ocp)*, (^p)*C'cp)- 

Lemma 5.7. The closure H'^ of the locus {E G Ext^(L(g) ((7rp)*Ocp)*, (vrp)*^^^) | detE" ~ L} in 
Extp(L ((np)^Ocj,)* , {'^p)*Ocp) is a vector subspace of codimension 1. 

■^For the existence of the map in the definition of £L,2^ for a proof of its surjectivity, and for a more in depth 
analysis of the sheaf, see Sectional 
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Proof. It is enough to show that the closure of 

P {{E e Ext ^(L ® ((7rp),OcJ*, (vrp).OcJ | det E ^ L}) 

in P(Ext^(L ((Trp)*^^^)*, (7rp)^,(9(7p)) is a hnear hyperplane. Let be a vector bundle in 
Ext^(L (g) ((vrp)*^^^)*, {T^p)*Ocp)- What are the possible values for detE? 

Let I E Lp\ {pi,P2}, and consider the lines Xi^i and Xi^2 that we defined in Lemma All 
vector bundles E in Xi^i are of the form — > L C?) E ^ Mi ^ for V & Lp \ {^1,^2}, and 

their determinant is of the form L® Mi® Mi,. Similarly, all of the vector bundles E in Xi^2 are of 
the form ^ L Cg) —>■ E ^ My — > 0, and so their determinant is of the same form as above. 
Consider the rational map 



det : P(Ext ^(L ® {{Tip),Oc,)\ (7rp),OcJ)-^{i^' G Pic''(C) | ti;L' ~ ti;L} ~ P^ 

It is defined on the locus of locally-free sheaves, and it extends to the locus of the extensions which 
are not push- forwards of extensions from Cp (see [Bho92]). Since it is an isomorphism on each 
line X; j with I 7^ P11P2 and i G {1, 2}, it is a surjective linear map. □ 

Proposition 5.8. For every node p, and every I G Lp, I 7^ Pi,P2, the rational map 

E^li ^ P(Ext^(L ® {{7rp),OcJ, (vrp)*OcJ) 

is an isomorphism onto its image P(ifp). If I = pi {i = 1,2), then it maps £'2^ onto FllimpL^). 
In particular, if I y^Pi,P2, then (I)2\e2\i ^■^ 0, morphism. 

Proof. We already saw in Lemma I^THl that the map is linear for every I & Lp. Let xi be the point 
of intersection between the strict transform of the projective line Xi with E2. We shall prove in 
Proposition 16 .21 that . if I ^ pi,p2, i^L,2|{x,}xc is isomorphic to the vector bundle Ei of Lemma 
Therefore, in this case, the image of E2\i contains F{lmipLp) and Ei. Since Ei ^ Fllmipip), the 
image of £'2!; is the hyperplane Hp. 

If I = Pi {i = 1,2), then the image is just F(lmipL^). Indeed, we already know that the 
map cannot be defined everywhere on -E2U ~ ^^'^) because it contains a point on the strict 
transform C2 of C which is contained in the locus of indeterminancy of (j)L.2- Therefore, it cannot 
be an isomorphism. Being a linear map, its image is contained in a hyperplane, which has to be 
P(ImV'Lj. □ 

Theorem 15 . II will now follow from Proposition 16.21 



6. Description of Sl,2 

Since, for every node p, Sl,i\lpxc splits as (0x^(1) K {iTp)^Ocp) ® {L (g) ((vrp)*Ocp)*), the map 
^L,i — ©pejC'Lp(l) {7ip)^,Ocp which appears in the definition of Sl,2 is surjective. 
Since the image of the composite map 

{62, l)*A-^(£2, lySL,!-^ S*20Lp{l) M {7Tp),Ocp 
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is '^E2^2^Lp{^), we obtain the following commutative diagram on 2 x C: 





^ 



£ 



L,2 



(3) 



(£2,1)*A > (^2,1)*^L,: 







(£2,l)*i3i .0 



> 0Fp , 0FpK(7rp),Oc, .0FpKCp .0 





where A2, £l,2, and are defined by the vertical exact sequences, and we denoted the locally-free 
sheaf 62^^1,^(1) on i?2,p by Fp to simplify the notation. 

We want to show that, for every node p, and every / G Lp, I ^ Pi,P2, £l,2\e2\ixc is the universal 
bundle associated to Hp when we identify E2\i with Hp. Let us start with a lemma. 

Lemma 6.1. For every nodep, there exists a short exact sequence 

Q^{elOL,{l) ® Op,,,(-^2)U.) K {i^p).Oc,~^Sl,2W,^c-^L ® ((vrp),OcJ*-^0 

on i?2,p X C . Moreover, for each I G Lp, there exists a short exact sequence 

0^(^^21,(1) ^ {''^p)*Oc,—^£l,2\e,\,>.C^L ® {{'Kp),Oc,T^^ 

on E2\i X C . 

Proof. The restriction of diagram © to i?2,p x C is 





> Fp{-E2) 



Fp{-E2) M {^p),Oc, > Fp{-E2) M Cp > 



Fp{—E2) ^ ^L,2|£2,pXC 



B. 



2\E2,pXC 



> F„ 



{e2,l)*SL,l\LpXC ' {£2,iyBi\Lpxc ' 





where Fp is e^OL^i^l) as above, and Fp{-E2) is £2Clp(1) ® Oe2{-E2)- 
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The first statement of tlie lemma follows directly from the diagram by looking at the middle 
column and observing that the kernel of the map (£2, l)*i^L,i|LpxC ^2^Lp(l) ^ {'^p)*^Cp on 
E2,pXCis7r*c{L^{{7rp).Oc,y). 

For the second statement, the diagram shows that B2\e2,pxc has torsion. Also, for every / G Lp, 
B2\e2\ixc has torsion, and B2\e2\ixc/^ots is isomorphic to ker((£2, l)*'Bi|{i}xc — ^Oe2\ix{p})- By 
the way we defined this last map, it is clear that this kernel is just the pull-back via {62, 1) 
of Si|{i}xc modulo torsion, which is 7r^(^ ® {{7ip)^Ocp)*)- From the diagram, it is clear that 
the kernel of the map Sl^2\e2\ixC — ^^ci-^ ® ((^p)*^Cp)*) is the same as the kernel of the map 
Sl,2\e2\ixc — ^(^2, l)*^L,i|{Oxc, which is Oe2\,{1) ^ (7rp)*Ccp- □ 

The following proposition will conclude the proof of Theorem 15. 11 

Proposition 6.2. The sheaf S 1^2 on ¥^^2 x C induces the rational map 4'l,2- 

Let us start with a lemma. 
Lemma 6.3. IfYC Fl,2 is a smooth subvariety such that 

codim(y, Pl,2) = codim(F n E2, E2), 
then Tory''iOE2xc, Oyxc) = and Tor^'^"''(Os,x|p|, Oyxc) = 0. 

Proof. Consider the short exact sequence — Op^ ,^{—E2) Cp^ 2 ^^2 — > on ¥^,2 and its 
pull-back to Pl,2 x C. If we tensor it with Oyxc, we obtain the exact sequence 

— >Torf'"'''^(Oi7;2xc, Oyxc) — ^C'Pi,2(--S2)|y^-^^C'yxc^-^^C'(yn£;2)xc — ^0 

on F X C, where the zero on the left occurs because Cp^jxc is locally-free. 

Since the codimension of Fnii^2 in F is 1, g is zero on the dense open subset (Y\ (Fn-E'2)) x C, 
and / is an isomorphism on it. Therefore, Tor^^'"^ (C'_E2xC5 Oyxc) is supported on (Fn-E'2) x C, 
and it must be zero, being a subsheaf of Cp^ ^{—E2)\yxc^ which is a locally-free sheaf on a bigger 
dimensional variety. 

Consider now the short exact sequence — * ((7rp)*Ocp)* ^ Oc — > Cp — > on C and its pull- 
back — > Oe2 ^{{'^p)*^Cp)* ~^ Oe2xc ~^ ^E2x{p} — > to £'2 X C. If we tensor this exact sequence 
with Oyxc over Cp^2xC) we obtain the exact sequence 

— — ^CynS2 ^ ((^p)*Ccp)* — ^C'(ynS2)xC — ^C'(yn£'2)x{p} — ^0 
on {Y n E2) X C, where T = Tor^ ' {Oe2x{p}^Oyxc) the zero on the left is the sheaf 
Torl'^-'^^{OE2xC,OYxc). Just as above^ OYnE2 ^ ((vrp)*OcJ* ^ C?(yni?2) 

xc is an isomorphism 

on the dense open subset {Yr\E2) x {C\{p}), whose complement has codimension 1, and therefore 

p 2 X C 

Torl^-^-{OE2 x{p}, Oyxc) must be zero, being supported on {Y fl E2) x {p] and contained in the 
torsion-free sheaf Cyn_E2 ^ ((^p)*^Cp)*5 which is supported on a bigger dimensional variety. □ 

Proof (of Proposition W.i^ . It is clear that £l^2 defines (f)L^2 on Pi 2\-E'2- On E2, we shall divide 
the proof in two part. We shall first show that, for every node p, £^^2 defines the rational map 
0L,2 on El n E2^p — ¥{J\fLp/Ei) ^ -E'2, where Ei is the strict transform of £"1, and then we prove 
that, if / 7^ Pi,P2, then £l,2\{xi}xc — Ei, where Ei is the vector bundle of Lemma 

Since 0l^2 agrees with the rational map defined by £^ 2 on a dense open subset, we have that 
4'L,2{x) is £l,2\{x}xc whenever this is semi-stable. In particular, the proposition will follow from 

%or another proof of T being 0, note that the map OynEz ^ ((^p)*'^Cp)* C(yn£;2)xc is injective because it 
is the pull-back of the injective map {{'^p)*Oc'p)* ^ Oc via the flat morphism {Y n E2) x C ^ C. 
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the fact that £^^2 is semi-stable for every x G -E2,p except for x = Pi, i = 1,2, which are the only 
two points on £'2,^ where we know that (f)L,2 cannot be defined. 

To prove that £^^2 defines the rational map 4>l,2 on Ei fl i?2,p — ^i-^Lp/Ei) ^ E2, restrict the 
commutative diagram 1^ to Ei\p x C to obtain: 











{a, 1)*£l,i\ei\pxc 







(a,l)*i3iU,|^xc > 0, 



> cr*OLp{l) > (r*OLp{l)^{7ip).Ocp > a*OL,{l)^Cp > 



where a: Ei\p Ei\p is the restriction of 62 to Ei\p. The vertical columns are exact because 
ror^'^^^(e*0^^(l),O^^I^^^) = ror^-^^^(e*0^^(l) KC„0^^,^,^) = 0. This is true because 
elOipil) — £2^¥l ii~Ei) ®^E2.pxCi and since e^^p^ ^(— is a locally-free sheaf, it is enough to 
show that T ori^'' (Csa^pxc, C'^ii^xc) ^nd T or-^""^ (Cb2,px{p}, O^^^^ 

,xc) both 0, which was 

proved in Lemma f6. 31 

Since (a, 1)*£l,i\ei\pxc is an extension of 7r^(L ® ((7rp)*OcJ*) by a*OE^\p{l) ^ {np)^Ocp, there 
exists a commutative diagram 



^-f^-slsilpXC 



where ^'2 - {^*Oe,\,{\) ® 0~^^^y{Er\p n E2))) K (7rp),a 
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Using the natural isomorphisms Ext yy^ci^, F K G) ^ H'^iY, F) ® Ext ^{L, G) (see [Arc04]) as 
we did in the proof of Proposition I4.2[ we have the following diagram^ 

n 
i=l 

i 

n 

Ei\pXC ^ ^ 

i=l 

T 

n 

1=3 

i 

n 



i=3 



where wi, . . . ,w„ is a basis of Ext^(L, i'TCp)*Ocp) such that Span{wi,W2} = ker-i/^i^ 
is the corresponding dual basis of Ext ^(L, (Trp)*^^^)* — H^i^ilp^^Eiipi^)), and we denoted 
Ext^(L (g) iiTTp)*Ocp)* , {■rCp):^Ocp) by V to simplify the diagram. 

This proves that the torsion-free sheaf ^L,2|(^^|pn£;2|;)xc corresponds to the inclusion when we 
identify the vector space Ext (^^i^niJalOxC^-^® ^Ei\pnE2\M)^M*^Cp) with the vector 

space Hom (ImV'Lp, Ext ^(L (g) iiT^p)*Ocp)* , i'^p)*Ocp))- In particular, for every a G Imipi^, a 7^ 0, 
[a] e P(Im?/'Lj =^ ^i-^fLp/Eiipli) ^ -EilpHEalz, and £^L,2|{[a]}xc ^ a as extensions of ((7rp)*OcJ* 
by (7rp),Oc;p. 

To prove that, for every / G Lp, I 7^ Pi,P2, ^L,2\{xi}xc — Ei, and conclude the proof of the propo- 
sition, it suffices to show that Sl^2\{xi}xc is semi-stable. This is done by tracking the restrictions 
of S, Si, and S2 to the product of Xi and its strict transforms with the curve C. Restricting the 
diagrams defining £1 and S2 to Xi x C, we obtain a short exact sequence 

— >L0M; — >£2\x^xc — ^0^^{-l)mMi — >0. 

Therefore, Sl,2\{xi}xc cannot split, being an extension of M; by L ® and an extension of 
((7rp)*Ccp)* by {']Tp)^Ocp, and therefore it is semi-stable. By continuity, it must be isomorphic 
to El, that we proved to be the limit of ipi{x) as x ^— p. □ 

7. The third blow-up 
To resolve the indeterminancy of 0l.2, we now blow-up Fl,2 along C2. Let 

Fl,3 := BCcFl,2^Fl,2^Fl,i^Fl, 



and let E3 C 3 be the exceptional divisor. For each node p, let pi,p2 be the points in C2 which 
map to pi,P2 G Ci, respectively. 



Theorem 7.1. The composition 0l^2 ° £3'- Pl,3 — ^SlAc{'2,,L) extends to a morphism (jy^ ^ such 
that for each q E C2 not lying above a node of C, the restriction of (pL,^ to E^lg maps E^lg 



^Note that i^L.M = i'L.M = 0. 
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isomorphically onto^ P(Ext g), and for each node p E C, its restriction to E-i\p. 

sends E^\p. isomorphically onto f{H'p) {i = 1,2). 



Corollary 7.2. The image of (pL.s in SV(c{2, L) is given hy^ 

We shall prove Theorem 17.11 in the next section, after we study the exceptional divisor in 
this section. We know that E^ is canonically isomorphic to ■^c2/Pl2' 

Let g be a point of C2 not lying above a node of C. Then we have the canonical isomorphisms 

Ext^(L, Oc) 



and so, to prove that i^sl^— ^P(Ext g), Ociq))), it is necessary to prove that 

^ ^ ker(Ext ^(L, 0c)^Ext 

Since, as in the proof of Lemma 12.51 the secant line joining two smooth points g, g' of C is 

P(ker(Ext^.(L,Oc)^Ext^(L,Oc7(g + g')))), and Ext ^(L, Oc(g + g')) - Ext J,(L(-g'), 
this follows when taking the limit as g' g. 

Let now p be a node of C, and q = Pi with i G {1,2}. Then 

A/-- I ^P^^L,2 ^ „ 

■^^Ca/Pi.a IP> ~ - -^P'-^^- 

Jp,C-2 

This contains the canonical hyperplane Tp-{E2\pJ which maps isomorphically to Imipi^. Indeed, 
using Lemma 1^31 and the fact that E2 — P(A/Lp/p^ J, 



that we already saw to be canonically isomorphic to ImipL^. We shall see in Proposition 19.31 that 
the morphism P(Tp-(£'2|pJ) SUc{2,L) factors through this canonical isomorphism, i.e., there 
exists a commutative diagram 



(4) U T ■ 

We shall then show that the top map factors through an isomorphism -E'alp, ^ ¥{H'). 

As for the other blow-ups, to prove Theorem 17.11 the strategy is to construct a universal sheaf 
Sl,3 on Pi 3 X C, and then prove that S^^^ induces the correct rational map. In this case, we also 
want to prove that £l,3 induces a morphism, i.e., that Sl,3\{x}xc is semi-stable for every x G Pl,3. 
The definition of Sl^^ is not as evident as in the other two blow-ups, and we postpone it to the 

^We identify here a point q on C2, q ^ pi,p2, with its image q on C. 

'^Note that by P(-ffp) [resp. P(Ext ^(L(— q), Ociq)))] we actually mean its image into SUci^, L) by the morphism 
described in the remark after Corollary 15. 21 [resp. in Corollary 17. 4| . 
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next section. By construction, £12, shall agree with £1^2 on 3 \ E-^ = 2 \ C2, and we shall 
show in Propositions 19.11 and 19.21 that, if g G C2 does not lie over a node of C, then i^L.aUaiqxc 
induces the isomorphism of E^\g with P(Ext g), Ociq))) described above. To prove that this 

induces a morphism from E^lg to SUci^, L), we need to prove the following result. 

Lemma 7.3. All non-trivial extensions in Fjxt^{L{—q),Oc{q)) are semi-stable. 

Proof. This proof is identical to the one of Lemma 13.41 □ 

Corollary 7.4. The natural 'forgetful' map P(Ext g), Oc{q))) SUci'i, L) which sends an 

extension Ociq) —>■ E ^ L{—q) —>■ to E is a morphism. 

Fix now a node p & C. From the definition of £^^,3, it will be clear that, as in the case of 
the first two blow-ups, (/)i^3(_E3|p-) C P(Ext^(L ® {{'Kp)^Ocp)* ■,{T^p)*Ocp))-, and therefore, using 
diagram (0)), we can prove the following linearity result. 

Lemma 7.5. Fori = 1,2, the rational map 

<Pl,3\es\,, ■■ i?3|p~ -^F(Ext ® {in,)^Oc,r, (7r,).Oc;J) 

is linear. 

Proof. The proof is the same as the one of Lemma 15.61 □ 

For each i e {1,2}, since the map is linear, and we know it to send the hyperplane F{Tp.{E2\p-)) 
isomorphically onto F{limpLp), to prove that it maps E^\p. isomorphically onto F{Hp), it suffices 
to show that there exists a point y G E^lp. which maps to some point x G P(-ffp) \ ^{limpip)- 

For each point x G P(-ffp) \ filmipL^), there exists a section of i?2,p —>■ Lp defined as follows: 
If / 7^ Pi,P2, is the unique point of E2\i which maps to x in F{H'p). This defines a section on 
Lp \ {pi,P2}, which can be completed to a section of i?2,p — ^ Lp by taking its closure. Note that 
its closure must satisfy Sx{pi) = Pi for i = 1,2, because pi is the only point on -E2U "which does 
not map to F(lmipLp), and x ^ FilmipL^). 

We shall prove in Proposition 19.41 that, for every / G Lp, I 7^ Pi,P2, the point yi^i defined as the 
intersection of the strict transform of seX^v) "with £'3!^- maps to Ei for i = 1,2, and this shall 
complete the proof of Theorem 17.11 

8. Definition of £l,2, 

We shall define £l^z as the kernel of a map {e^, 1)*£l^2 {^3, l)*(-^2|(52xc®-^2)) with J^2 a sheaf 

on C2 X C such that J^2\{q}xc - Oc{q) if g 7^ ^1,^2, and J^2|{p,}xc - {'np)^Ocp for i = 1,2. The 
map corresponds to a map £l — > 7rp^Op^(l)|cxc ® ^ ■, where T := X\, Xa being the ideal sheaf of 
the diagonal A in C x C. 

Before we define the map, let us study T in more detail. 

Lemma 8.1. There exists a short exact sequence 

Moreover, J^\{q}xc - Oc{q) if q ^ P, and J^\{p}xc - (7rp)*Ocp- 

Proof. Starting with the short exact sequence 0^1^^ Ocxc ~^ C^a ^ 0, and applying the 
functor T-Comcxc{~j C^cxc), we obtain the short exact sequence* 

0^Ocxc^J'^Sxt'c^ciOA,Ocxc)-^0. 

sequence starts with Ttonicxci^A^Ocxc) which is zero because Ocxc is torsion-free, and ends with 
£xt^.^(-;{Ocyc,C>Cxc) which is also zero (see [Har77, III. 6. 3]). 
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Moreover, ^^xt^xc(^A, C'cxc) - £xt}.^c{OA,uJcxc) ® ^^cxc - ^^a ® t^cxc - (see [Har77, 
III. 6. 7]) since lua — £xt]j^(j{0 Ai^cxc) (see [Eis95, 21.15]), and tucxcU — 

Now, for any q & C, restricting the short exact sequence to {q} x C, we obtain a short exact 
sequence — > Oc — > ^|{g}xc — > which does not spht. 

We know that Sl is the extension of tt^L by 7rp^(9p^(l) which corresponds to the identity 

in B.om(Ext q{L,0 c), 'Ext c{L,Oc))- Since 7rp^Cp^(l)|(7xC — 7r*(L (g) cj^), where vti is the first 
projection C x C ^ C, we obtain the following short exact sequence on C x C: 

— >7r*(L (g) uc) — ^^^lIcxc — ^TTaL — >0. 

The map tiI{L ujc) ^ 7il{L ^ uc) ® ^ extends to a map Sl\cxc — >■ vrJ'(L cjc) ® if Sl\cxc 
is in the kernel of the natural linear homomorphism 

Ext cxc(^2^> KiL ® a;c;))^Ext cxc(^2^> Ki^ ® ooc) ® J^), 
i.e., if £^l|cxc is in the image of the natural linear homomorphism 

Homcxc(7r2-^^, nl{L (g) uc) ® uj^^) — >Ext cxci'^2L, t^I{L ® loc)). 

Let us prove that this is the case. Since 7rJ(L ® uc) ® is isomorphic to L on A ~ C, 
Homcxc(7r2^, 7rJ(L O uJc) ® uj^) ^ i^°(A, Ca) ^ C. Moreover, 

Ext ]j^c{'^m 7il{L ® u;c)) ^ Ext Oc)* ® Ext ^(L, Oc), 

which has the canonical identity element corresponding to Sl\cxc- The constant section 1 of Oa 
maps to the identity, and our claim is proved, i.e., there exists a map Sl\cxc ~^ 7rp^(9p^(l)|cxc®-^ 
as claimed at the beginning of the section. 

This map is surjective because its restriction to {q} xC, q ^ p, [resp. to {p} x C] is the surjective 
map SL\{q}xc Oc{q) [resp. £l\{p}xc ~^ {'^p)*Ocj] which makes £L\{q}xc [resp. £l\{p}xc\ not 
semi-stable. 

There exists a commutative diagram 

^i,ilcixc ' Mc^xc®^^ '0 

{a^y{8L\cxc) a*Op,(l)|5^,^®(a,l)*^ > 

where a : Ci — C is the restriction of Si to Ci, and J^i is defined by the first row being exact. 
Since the restriction of the short exact sequence defining £l^i to Ci x C stays exact (see Lemma 
the cokernel of the vertical map on the left is C{pi,p2} ^ {T^p)*Ocp- Since the fiber of kei g 
at {pi} X C has degree 2 for ? = 1, 2, it maps to zero into {np)^,Ocp, and we obtain the following 



20 



D. ARCARA 



commutative diagram on Ci x C: 



> ker g 



> ker g 



CixC 



{a,l)*{£L\cxc) 



^1 



CixC 



^1 







If we restrict to {q} x C, for g e Ci, g 7^ Pi,P2, then J^i\{q}xc - ^\{q}xc 
If we restrict the right column to {pi} x C, we obtain 



Oc{q). Letie {1,2}. 



— — ^J^i\{pi}xc — ^^\{p}xc — ^{'^p)*Ocp — >0, 



where T = ror^i^^(C»|p,,p,} M {7rp),Oc„ O^^^y^c)- 

To calculate this sheaf, consider —>■ 0^^{—pi) O^^ — * — on Ci and its pull-back to 

Ci X C. We want to tensor it with C^{pi,p2} 1^ {'^p)*Ocp, and we do it in two steps. We first tensor 
it with 7r^((7rp)*Ocp) to obtain 

where the map Og_^{—pi) Kl {T^pj^Ocp — > {T^p)*Ocp is injective because it is an isomorphism on 

the dense open subset {Ci \ {pi}) x C whose complement has codimension 1, and therefore the 

image of any torsion sheaf appearing on the left will be zero, being a subsheaf of a torsion-free 
sheaf supported on a codimension 1 subvariety. Then we tensor the short exact sequence with 

71 Q C{pj^p2} to obtain 

from which is clear that T ~ O^p.y Kl {7rp)^Ocp, and therefore J^l\{p^}xC — {'^p)*^Cp- 



An identical process defines a sheaf ^2 on C2 x C such that 



'-^,'^\C2XC 



CixC 



A. 



■2lC2xC 



Mr. 



CixC 



To 







where we identify C2 and Ci via the isomorphism £21^2- Since the cokernel of the vertical maps is 
again (9{p^ Kl {'7ip)*Ocp, the exact same proof as above shows that ^2|{g}xC — (^c{q) if ? £ C2, 

Q Pi,P2, and J^2\{p,}xc - (7rp)*Ccp for i = 1,2. 

We define Sl,3 to be the kernel of the map (£3, 1)*^l,2 ^ (^3, l)*(>^2lc2xc 
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9. Relation between £^^.,3 and 02,,3 



Proposition 9.1. For every q E C2 mapping to a smooth point q E C, 
and it maps E^\g isomorphically to P(Ext g), Oc{q)))- 



^L,3|i?3|, 



is a morphism, 



Proof. We proved in Section [7| that E^\q ~ P(Ext ^(L(— g), Oc'lo'))), and therefore we need 
to show that under this identification, (pL^^ is the identity map. The proposition follows from 
Proposition 19.21 □ 

Proposition 9.2. The restriction of the torsion-free sheaf El^'^ to E^\q x C is the element of the 
vector space Ext\;^^^^^{n^L(—q),OE3\gi^) Kl Oc{q)) which corresponds to the identity under the 
identification of this extension space with Hom (Ext g), (^^(g)), Ext ^(L(— g), (^^(g))). 

Proof. This proof is very similar to the proof of Proposition 14.21 Let C be a linear 
hyperplane which contains g, does not contain any node p of C, and is transverse to the curve C 
at g (i.e., H does not contain TqC). Then H is isomorphic to its strict transform in Pl,2, that 
we shall still denote by H. It is clear that £^l,2|_h'xc is i^LliTxc, and therefore it is an extension 
^ tihOh{1) ^ Sl,2\h^c ^7c*cL-^0onH x C. 

Let a : H ^ H he the blow-up of H at g, and let E' O H he the exceptional divisor. Then 
there exists a commutative diagram on if x C: 





> a*OH{l)^0^{-E') 



^ 



E'xC 



s 



L,3\hxC 



(a,lY£r2\H 



xC 



3\HxC 







Oe' K Ociq) 



* OE'x{q} 



0, 





where B3 is defined exactly in the same way we defined Bi and B2, and the columns are exact (see 
Lemma 16. 3|) . 

Let £'h he the push-forward of (a, 1)*Sl,2\hxc via a*Oiy(l) ^ (r*OH{l) K Oc{q): 
> (r*OH{l) > {(r,iySL,2\Hxc >L .0 



(5) 



H 



L 



Then the restriction of S'^j^ to E' x C splits. Indeed, (T*Oh(1)|£;/ ~ Oe', and via the identification 
Ext E,^ciL, Ociq)) - H°iE',OE') ® Ext J;(L, C»c(g)) (see [Arc04]), we see that S'^Ie'xc splits as 
long as S'fj\{x}xc splits for some x G E'. Resctricting the diagram (0) above to {x} x C for any 
X E E', we see that i^^|{x}xc is the trivial extension ipgiSL\{q}xc)- 

Therefore, there exists a surjective map S'^j — *• Oe' Ociq), define S'j^^ to he its 

kernel: £'u i — 8'^ OE'^Ociq) — ^ 0. Then there exists the following commutative diagram 
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a*OHil)^Ociq) 



'-'HA 



H 



L > 



0. 



Moreover, we have the following commutative diagram on H x C which relates E'^j and S'^j^ to 
^l,2\hxC and ^l,3\hxc' 







^ ^i'.sl^xC 











(cr, l)*£'L,2|i/xC ~ 

> Oe' K > 







Ofi, K Oc{q) > 0- 



When we restrict the first two rows of this diagram to E' x C, and we look at the image of the 
restrictions of ii and i'l to E' x C, we obtain the following diagram, where the first row shows that 
the restriction of Sl^^ to E^\g x C ~ £" x C is an extension of nQL{—q) by Ce3|^(1) Kl Cc(?): 



> OE'{l)^Oc{q) 



> OE'{l)mOc{q) 



r-/ I ''iIb'xC 
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This shows that £L,'i\E'xc is the pull-back of £'hi\e'xc via the pull-back of the inclusion L{—q) ^ L 
from C to E' X C . Here is a summary of how to construct £l,^\e'xc'- 

£l,2\hxc e Ext^,c(L,0^(l)) 

i 

{o'A)*£l,2\hxC ^ 

i 
T 
i 

i 

SlAe'xC e Ext \,^c{L{~q), Oe'H) ^ Oc{q)) 

Using the isomorphisms Exty^cl-^'-^ K G) ~ H^{Y,F) (g) Ext^(L, G) (see [Arc04]), we can un- 
derstand what extension Sl^sIe'xc is by tracking the corresponding elements in these spaces. Let 
vq, . . . ,Vn be a basis of Ext c{L, Oc) with Span {vi, . . . , Vn} = (H), and Span {vq, vi} = {TgC). 
Let Wq, . . . , be the corresponding dual basis in Ext c{L, Oc)*- Then v^, . . . is a basis of 
(H)* ~ Oh{1)), and ^L,2|i/xc corresponds to the element Er=i< ® ^ ^°(^, ® 

Ext Oc). Let ^/'.g: Ext ^(L, ^^(g)) Ext g), be the natural linear homomor- 

phism. Since ipq^Vi) = and ker(?/'_g o ip^) = Span {wq, "^i}, we can calculate that Sl,3\e'xc 
corresponds to the element ^^=2'"^«* ® i^i ^ H^{E' ,Oe'{^)) ® Ext J7(L(— g), Oc'('?)), where, for 
2 < i < n, Wi = ip-q{ipq{v,i)). Therefore, El^^ corresponds to the identity in the vector space 
Hom (Ext ]j{L{-q), Odq)), Ext ci^i-q), Oc{q))), as claimed. □ 
We now prove that, for every node p of C, and for every i G {1,2}, (pL,3\p{Tp.{E2\p-)) factors 

through the canonical isomorphism P(Tp.(i?2|pJ) described in Section[7| 

Proposition 9.3. For every node p in C, and every i G {1,2}, the extension 

ELAm{p^}/E2\p^)^c e Ext^(^j^_^j/^^|^pxc;(L® ((7rp),OcJ*,Cp(^^^^j/^^i^^)(l) M {'Kp),Ocp) 

corresponds to the inclusion in Hom {hmfji^, Ext \j{L®{{TXp)^Ocp)* , {T^p)*Ocp)) under the canonical 
identification J\f{p^yE2\p^ — Im'?/'Lp. 

Proof. Let i G {1,2}. From our description of Sl^2 and 4>l,2, it is clear that Sl,2\e2\p-xc in- 
duces the linear map given by projection from pi, i.e., it corresponds to a linear homomorphism 
^^Lp/FL,l\p^ Ext^(L (g) ((7rp)*0(7p)*, (vrp)*Ocp) of kernel (pi) and image ImV^^^,. Therefore, we 
can find a basis wi,. . . ,Wn of A/l^/p^ Jp, and a basis fo, . . . , f„ of Ext ^.(L® ((Trp)*^^^)*, {7rp)*Ocp) 
such that {pi) = Span {wi}, ImipEp = Span {^2, . . . , f„}, and Span {wi,Wj} maps to Span {vj} for 
every 2 < j < n under the homomorphism corresponding to Sl,2\e2\p xC'- In particular, this sheaf 
corresponds to Y.'^=2 ® in ^°(^2|p„ 0^^2 1^,(1)) ® Ext ^(L ® ((7rp),OcJ*, (vrp)*^:;^). 

To simplify the notation, let us denote ^"7 and its blow-up at by cr : X ^ X, with 

E' the exceptional divisor. Then there exists a short exact sequence 

0— ^^L,3lxxc^(^> ^Y^lMxxc-^Oe' K (7rp),Oc,-^0, 

obtained by restricting the short exact sequence defining S^^s to X x C. It stays exact because of 
Lemma 16.31 
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There exists the following commutative diagram 




0^ AM{7rp),Oc, 



^ a*Oxil)^i7fp),Oc, 



0, 





where A = a*Ox{^) ® 0^{—E'). If we restrict the first row to E' x C, we obtain a short exact 
sequence 

O^OE'il) M inp%Oc,—^£L,3\E'xc—^L (g) {{np),Oc,T^0. 
Remember that E' is ^{■f^{pi}/E2\p-)- The following diagram, where, to simplify the notation, we 
denoted Ext \;{L® ((7i"p)*C'cp)*, {'^p)*Ocp) by V ^ illustrates the steps we took in finding £^l,3|e'xc: 



£ 



L,2\XxC 



icr,iy£L,2\ 



XxC 



i=2 

i 

n 

^w*®Vj e H%X,a*Ox{l))(^V 



£ 



i=2 

n 

i=2 



£ 



L,3\E'xC 



t 

i 

n 

i=2 



Therefore, i^L.sl^'xc corresponds to the inclusion limpi^ ^ Ext^(L (g) ((vrp)*^^^)*, (vrp)*Cc'p), as 
claimed. □ 
Let p be a node of C, let I G Lp, I ^ Pi,P2, and let Yi := seX^p), where se^ is the section of 
£^2,p — * -^p defined in Section [7| Remember that we denoted by yi^i the only point of intersection 
of the strict transform Yi of Yi with E^lp. {i = 1, 2). 

Proposition 9.4. The restriction of £l^^ to Yi ^ C is a non-zero element in the vector space 
Ext \^^{L ® {{■Kp),Oc,)\ (vrp).OcJ - H\Yi, Oy^) ® Ext ^(L ® {{7Cp),Oc,y, {rip)*Oc,). In partic- 
ular £L,3\{yu}xC - El for i = l,2. 

For the proof, we need the following result. 

Lemma 9.5. The restriction 0/(9^^2(^-^2) to L2,p — is Ol^^{1). 
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Proof. Remember that L2,p = TpC H E2. It is isomorphic to Lp = TpC fl Ei via £2, and it is 
therefore the exceptional divisor of the blow-up of TpC at p. Therefore, 



Pi,: 



-E. 



2)\L2,p 



(O^.J-E^) 



□ 

Proof {of Proposition \9.4l - We saw in Lemma l6.ll that there exists a short exact sequence 
^ (£2Clp(1) ® Oe,{-E2)) K (vrp),Oc, ^ ^L,2U2xc ^ ^ ® ((7rp),OcJ* ^ on ^2 X C. If we 
restrict it to Yj x C, we obtain the short exact sequence 

0—*Oy,{2) K i7rp),Ocp—^£L,2\Y,>cc—^L ((7rp),OcJ*— ^0, 

because Oe2{—E2)\yi = Oyi{1) since Yi and L2 are in the same linear system. Therefore, there 
exists the following commutative diagram on x C ~ x C: 




0^ <^Y,xC^i^p)*^Cp 



— > Oy,xc(2)K(vrp),Oc, 



£l,2\y,xC 



L ® ((vrp),CcJ 



L ® ((7rp),CcJ 







^{Pl.P2} 



(7rp)*Ccp 



and i^L.sly^xc element of Ext~.^^(L ((Trp)*^,^^), (7rp)^.(9(7j^). Since this is isomorphic to 



YixC 



H^iXu Oy^)(8)Ext \j{L®{{'np)^Ocp)-, {T^p)*Ocp) (see [Arc04]), i^L.sly^xc non-zero because we know 
that £L,3\{y}xc does not split for every y eYi,y ^ yi^i, yi^2- □ 

10. Fibers of 0^,3 

We prove in this section that the fibers of (pL^^ are connected. Let us start with characterizing 
the image. 



Lemma 10.1. An element E G SUcC^jL) is in the image of (p^ ^ if and only if H^{E) 7^ 0. 

Proof. By our description of 0x^3 it is clear that if E is in its image, then there exists a non-zero 
map Oc E, and therefore E has a non-zero section. Conversely, if H^{E) 7^ 0, there exists a 
non-zero section Oc —^E. HE is stable, then s can vanish at at most one point, and therefore E 
fits in at least one of the following exact sequences: 

• Q^Oc^E^L^Q, 

• — >• Oc{q) E ^ L{—q) — » for some smooth point q E C, 

• ^ {iTp)^Ocp ^ E ^ L® ((7rp)*Cc'p)* for some node p G C, 

and it is therefore in the image of 0l,3- This proves the lemma, since 0^,3 is proper and the locus 
of stable bundles is dense in [E G SUc{2,L) \ H^{E) ^ 0}. □ 
As in the smooth case, we have the following result. 
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Proposition 10.2. For every stable E G SUc{2,L) there exists a morphism 

iIje: ¥{H\E))^Wl 

such that, for every a; G Pl \ C", 

= E <^=^ X E lra{ipE)- 

Proof. For every s G H^{E), define ^e{[s]) := P(ker(Ext ^(L, Oc) ^ Ext^(L,E))). To prove 
that i/je is a morphism, it suffices to show that, for every G H^{E), the kernel in the definition of 
is one-dimensional. Note that, since E is stable of degree < 4, every torsion-free subsheaf 
of E of rank 1 has degree < 1, and therefore s can vanish at at most one point. 

Case I: s is no-where vanishing. There exists a short exact sequence Oc ^ E ^ L 0, 
and applying to it the functor Rom c{L, — ) we obtain 

— >}lomc{L,L) — ^Ext^(L,Oc) — ^Ext^(L,E) — , 

where the sequence starts with HomdL, E), which is zero because E is stable. This proves that 
the kernel of Ext^(L, Oc*) ~^ Ext^(L,£') is isomorphic to }iom c{L, L), and it is therefore one- 
dimensional. Moreover, the image of the identity element of B.omc{L, L) in Ext^(L, O^) is the 
extension associated to Oc E, and therefore (f)LiipE{[s])) = E. 

Case II: s vanishes at exactly one point. Let F be Oc{q) if s vanishes at a smooth point q E C 
or let F be {iTpJ^Ocp if s vanishes at a node p of C. There exists a short exact sequence 

(6) — >F — >E — >L0F* — ^0, 

and Ext^(^, Cc) ^ ExtciL,E) factors through Ext^(^,i^) ^ Ext^(^,^)- Since the kernel 
of Ext c{L, Oc) — > Ext ci^y is one- dimensional, to conclude the proof it suffices to show that 
Ext c{L, F) — > Ext ^(L, E) is injective. Applying the functor }iomc{L, — ) to (0), we see that this 
is the case, because B.om c{L, L F*) = 0. □ 
In what follows, we also need the following result, which is similar to the proposition above. 

Lemma 10.3. Let E G SUc{2,L) be stable. 

(a) // every section s G H^{E) vanishes at a smooth point q E C, then there exists a morphism 

iPe,^: P(i/°(i?))^i?3|,-P(Ext^(L(-g),Oc(g))) 

such that 

(1>L%E) = lm(j)E,q. 

(b) If every section s G H^{E) vanishes at a node p E C , then there exists a morphism 

^E,p: P(if;) CP(Ext^(L® ((7rp),OcJ*,(vrp).OcJ) 

such that x is in the image of ipE,p if O'nd only if x maps to E under the natural forgetful map 
P(ifp) SUc{2, L) , which is a morphism by Lemma \3.4\ 

Proof Define ipE,g{[s]) ■= P(ker(Ext Cc;(g)) ^ Ext ^(^(-g), ^))) in part (a), and 

i^E,pM ■= P(ker(Ext ^(L ® ((7rp),OcJ*, (vrp),^^,) Ext ^(L ® ((vrp),OcJ*, E))) in part (b). If 
we let F = Oc{q) for part (a) and F = {np)^Ocp for part (b), the proof is the same as the proof 
of Case I in Proposition 110.21 where we now use the unique extension 0— >L®F*— >0 
associated to s. □ 

To simplify the notation, for the rest of this section, we shall say that an element E E SUc{'2, L) 
is of type Q if there exists a non-zero map Oc{q) — ^ E for some smooth point q E C, and is of 
type P if there exists a non-zero map {iTp)^:Ocp E for some node p E C. 
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Proposition 10.4. The fibers of (p^^^ are connected. 

We shall divide the proof of this proposition into several lemmas analyzing various different 
cases. 

Lemma 10.5. If g > degL, and E G Im^^^s is not of type P, then (j)~j^\{E) is just a point. 
Proof. Since E is not of type P, there are two possibilities: 

Case I: There exists an x G Pl \ C such that = E. Then there exists a short exact 

sequence ^ Oc ^ ^ ^ ^ 0, and = h^{Oc) = 1, since H^{L) = because ^ > degL 

and L is generic. This proves that there is only one way to write E as an extension of L by Oc, 
and Oc must be a maximal subbundle of E (i.e., E is not in the image of the natural morphisms 
P(Ext hm-q), Ociq))) ^ SUc{2,L) and P(i/;)^5Wc(2, L)). Therefore <Pl\{E) = {pt}. 

Case II: There exists a smooth point q & C and an x G E-i\q such that 0l,3(x) = E. Then there 
exists a short exact sequence Oc{q) E ^ L{—q) 0, and again h^{E) = h^{Oc{q)) = 1 
and cj)l%E) = {pt}. □ 

Lemma 10.6. If g > degL, and E G Imcj)^ ^, is a non-locally-free sheaf of type P, then (f)'^\[E) is 
the union of {the strict transforms of) a plane and two lines intersecting the plane. 

Proof. If E is of type P, then E is in the image of a point of Ei, E2, or E^lp. for some node p of 
C and i G {1, 2}. There exists a short exact sequence — >• {np)^Ocp E L® {,{T^p)*Ocp)* 0. 
Since L is generic, H^{L) = 0, and this implies that H^{L ® ((vrp)*OcJ*) = 0. Then = 
^°((^p)*^Cp) = 1, and there is only one way to write E as such an extension (and E cannot be 
written as an extension of L by Oc or L{—q) by Oc{q) for some smooth g G C or L®{{np/)^Oc^,)*) 
by {TTp/)^Oc^, for some other node p'). 

Since E is not locally-free, it is in the image of ipL^, and by Theorem 13.11 6~[\(E) is a plane 
in the projective space Ei\p containing the line Lp (except for the line itself, where (pi^i is not 

defined). Then, by Theorem 15.11 (j)2\{E) is the union of the strict transform (j)l\[E) of the plane 

(f)2\{E) and two lines which are contained in -E2IP1 and -E2IP1, respectively (except for the points 
Pi and P2, which are on the lines, where (f)L^2 is not defined). The lines intersect the plane at the 

points 0^\(-E') ni?2|pi and (f)J^\{E)nE2\pj^, respectively. The last blow-up just adds the two missing 
points, and (p'l^^E) is the union of a plane and two lines which intersect it, as claimed. □ 

Lemma 10.7. If g > degL, and E G Imcpi^^ is a locally-free sheaf of type P, then (f)J^^^(E) is {the 
strict transform of) a line. 

Proof. The proof of this lemma follows exactly the proof of the previous lemma up to the 
description of 0^_\(i?). In our case now, since E is locally-free, 4>2\{E) is empty. Then, by 
Theorem EU (j)2\{E) is a section of i?2,p Lp which passes through the points pi and p2, where 
(1>L,2 is not defined. The last blow-up just adds the two missing points, and therefore (j)~[\{E) is 
isomorphic to the line Lp, as claimed. □ 

The previous lemmas prove that the fibers of ^^^3 are connected ii g > degL. To prove that 
the fibers are always connected, we need to still study the cases of g = 2, g = 3 and the case 
g = deg L = 4. We shall now prove the case g = 2 and deg L = 3 (since it is the case for which 
we have an application), and leave the other cases as an exercise for the reader. 

Lemma 10.8. If g = 2 and degL = 3, then the fibers of (p^^^ are connected. 
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Proof. For every E G SUci^, L), E is stable, and H^{E) ^ because x{E) = 1. Therefore, 
0x,_3 is surjective by Lemma llU.ll and it is a birational morphism. If h^{E) = 1, then the fiber 
(j)l\{E) is the same as the fibers described in Lemmas I1U.51 ITirBl and ll(J.7l above. Suppose that 
h^{E) > 2. Since E is stable, every section s G H^{E) satisfies deg(Z(s)) < 1. Moreover, 
we have the morphism iIje'- F{H^{E)) —>■ described in Proposition 110.21 and we saw that 
(f)l\E)=lmi;E\C. 

Case I: Im-i/^^; ^ C. If Im ■?/'£; does not intersect C, then (f)~[\{E) = ImipE is connected. If 
Im ipE intersects C at a smooth point q, then there exists a unique section s G H^{E) such 
that Z{s) = {q}, and E can be written as an extension of L{—q) by Oc{q)- By continuity, this 
extension must be the point in E^lg ~ P(Ext ^.{Ociq), L{—q)) in the strict transform of the closure 
of lmil)E- Similarly, if Im^^; intersects C at a node p, then E can be written as an extension of 
L ® {(y'^p)*Ocp)* by {npJ^Ocp in a unique way. Since ImipE C, E is locally-free. Therefore, E is 
not in the image of Ei, and its preimage in E2 is a line, which, by continuity, must intersect the 
strict transform of the closure of ImipE- 

Case II: ImipE ^ C. In this case, ImipE niust be just a point. Indeed, ipE^s) = x G C if and 
only if Z{s) = {x}, and if ImipE = C, then there would exist two distinct sections in H^{E) 
mapping to each node of C. If ImipE is a smooth point q of C, then every section of E vanishes 
at q, and by Lemma [10.31 62\(E) = lmipE,q is connected. If ImipE is a node p of C, then every 
section of E vanishes at p, and by Lemma 110.31 there exists a morphism 

ijE,p: CP(ExtJ.(L® ((7rp),OcJ*,(vrp).OcJ) 

such that X is in the image of ipE,p if and only if x maps to E under the natural forgetful morphism 
P(ifp) SUci^, L). For each point x of P(-ffp), the space of all points in E2^pU E^\p^ UE^\p^ which 
map to X under the maps to P(-ffp) of Theorems 15.11 and 17.11 is connected by Lemmas 110.61 and 
110.71 Since the image of il)E,p in P(-f^p) is connected, this proves that (p^^iE) is also connected. □ 

Remark. The proof shows that (f)2\{E) is connected for every stable E in the image of 0l,3. 

11. The case degL > 4 

If degL > 4, the rational map P^^s — > iSWc(2, L) is not a morphism, but we can still prove the 
following. 

Proposition 11.1. Let degL = 2g — 1, and let 

V = {E e SUc{2,L) I H^{E) ^ C ■ s and Z{s) = or {g}, with q a smooth point of C]. 

Then the codimension of Stic {2, L)\V in SV{c{2, L) is > 2, and there exists an open subset U of 
Pl.s such that 4'l,3\u'- U —>■ V is an isomorphism. 

Proof. Let E ^ V. If Z{s) = [resp. Z{s) = {q}], then E is an extension of L by Oc [resp. of 
L{—q) by Oc{q)], and by Lemma [10.21 [resp. 110. 3j there exists a unique point x of P^ [resp. P^^s] 
such that = E [resp. (f)L,3{x) = E]. No other point of P^^s can map to E, and therefore E 

has a unique preimage under 0^ 3. 

To prove the claim about the codimension of SUc{2, L)\V in SUc{2, L), let us first study U. 
If we identify P^ \ C with its isomorphic image in P^^s, then 

[/ n (Pl \ C) = G Pl I ^ is semi-stable and h%E) = 1}. 
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As in the smooth case, let 

Tl := {EeFlI h\E) > 1}. 
It is a hypersurface of degree g mFi (see [Ber92]). Then 

¥L = {Un{FL\C))UTLUB, 

where B is the base locus of 0^, which has codimension > 2 in P^^. Moreover, U does not intersect 
the exceptional divisors Ei and E2, and U H E^ is a dense open subset of E3. Therefore, the 
complement of U in 3 is the union of F^, Ei, E2, and a locus of codimension > 2 in P^^s. Since 
the map (j)L,3 restricted to U -Ei U has positive dimensional fibers, the image of F^, U i^^i U i^^2 
in SUc{2, L) has codimension 2, and therefore codim {SUc{2, L) \ V, SUc{2, L)) > 2. □ 

12. Applications 

Before we give direct applications of our construction, let us point out how the rational map 
0L can be used to describe SUc{2, L) on an irreducible nodal curve of genus 1. In this case, the 
normalization of C is isomorphic to P^, and C has only one node. 

Proposition 12.1. Let C be an irreducible 'projective curve of arithmetic genus 1 with one node 
p as singularity. 

(1) Let L be any line bundle of degree 1. Then 

<Pl: P(Ext ^(L, Oc))^SUc{2, L) C SUc{2, L) 

is an isomorphism, and therefore SUc{2, L) = SUc{2, L) ^ P*^ as in the smooth case [see [Tu93]). 

(2) Let L be any line bundle of degree 2. Then 

cI>l: P(Ext ^(L, Oc))^SUc{2, L) C SUc{2, L) 
is an isomorphism, and therefore SUc{2, L) = SUc{2, L) ~ P-*^ as in the smooth case {see [Tu93]). 

Proof. The map (p^ is a morphism by Proposition 12.11 Note that every E 6 SUc{2,L) has at 
least one section because h^{E) > x{E) = degL > 1. 

If degL = 1, since every element of SUc{2, L) is stable, the sections of E cannot vanish at any 
point, therefore E is an extension of L by Oc, and (pL is surjective. 

If degL = 2, then /i°(L) = 2. We have that Ext ^(L,Oc) ^ H^{L)\ and therefore Pl ~ |L|*, 
which, being a P^, is canonically equal to |L|. The morphism cpi is defined by (piiQi + Q'2) = 
Oc{<li) © Oc{q2) for qi + q2 ^ |L| ^ P(Ext J;(L, Oc))- It is clearly injective. To prove that (pi is 
surjective, note that, if E e SUc{2, L) is not stable, then it must S-equivalent to Oc{qi) ®Oc{q2) 
with qi + q2 & |L|, and if it is stable, then the sections of E cannot vanish at any point, and E is 
in the image of 0/,. □ 

From the direct description of 0l in the proof, we deduce the following fact, which is also true 
in the smooth case (see [Tu93]). 

Corollary 12.2. // C is an irreducible projective curve of arithmetic genus 1 with one node p 
as singularity, and L is a line bundle of even degree, then every vector bundle E G SUc{2,L) is 
semi-stable but not stable. 

For an irreducible nodal curve of genus 2, we have the following application as a corollary of 
Proposition ll(J.4l This fact is already known (see [BhoNew90]). 

Corollary 12.3. If g = 2 and degL is odd, the normalization morphism SUc{2, L) Shlc{2, L) 
is one-to-one. 
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Proof. This follows from the fact that 3 is a birational morphism with connected fibers for 
g = 2 and deg L = 3. □ 



Remark. If g = 2 and degL = 4, then 0^ : ^ SUc{2, L) is a rational map defined by sections 
of |Xc(2)|. It should be possible to prove that h^{Xc{2)) = 4, and obt ain as a corollary the known 
fact that, if degL is even, SUc{2, L) ~ for an irreducible nodal curve of genus 2 (see [Bho98]). 
We can prove that /i°(Xc(2)) is indeed 4 for a generic such curve with one node and for a generic 
such curve with two nodes. 

For curves of genus > 2, as a corollary of Proposition lll.il we can prove the following results. 



Corollary 12.4. If degL is odd, then A^g_i{SUc{2, L)) ~ Z. 

Proof. Let degL = 2g — 1. The isomorphism ^l.sIc/^ ^ ^ of Proposition lll.ll induces an 
isomorphism {(I)l,2\u)*- A^ig^^iU) A2,g-i {y), and A ^jg^jiV) ~ A:>,g_i{SUc{2,L)) because the 
complement of V has codimension > 2 in SUc{2,L). Recall that U is an open subset of P/^^s 
whose complement has codimension one, and therefore there exists an exact sequence (see [Ful84, 
1.8]) 

^,-4(Pl,3 \ f/)^^39-4(PL,3)— ^^3,-4(f/)^0, 

where _ _ 

^9-4(Fl,3) ^ ©peJ Z^ilp ©peJ Z^2,p © 
with H the pull-back of a hyperplane class from P^. It follows from our description of U in the 
proof of Proposition 111.11 that 

^39-4 (Pl,3 \ U) ~ ZTl (BpeJ Z^iIp ©peJ Z^2,p, 

and therefore 

A3g-,{U) 

Since, as in the smooth case, ~ gH — {g — 1)L'3, we obtain 

ZH © ZE' 



ZH © zl;3 



□ 



We now study the complement of SUc{2, L) in SUc{2^ L). 
Proposition 12.5. For every irreducible nodal curve C of genus > 2, 



codim(5Wc(2, L) \ SUc{2, L),SUc{2, L)) > 3. 
Proof. If suffices to prove this in the case when degL = d » 0. The generic element of 



SUc{2, L) \ SUc{2, L) is a torsion- free non-locally-free sheaf such that every section vanishes at a 
node. Therefore, it is a non-locally-free extension of the form 

0^(np),Oc,^E^L © ((7rp),OcJ*-^0 

for some node p in C, i.e., the push-forward of an extension 

via the partial normalization iTp-. Cp C. A generic such extension S is in SUcp (2, 7r*L(— pi — P2)), 
and there exists a morphism 



SUc,{2,7T;L{-p^-p2)y-^SUc{2,L) 



EXTENSIONS AND RANK-2 VECTOR BUNDLES ON IRREDUCIBLE NODAL CURVES 



31 



defined by £^ i-^ {7ip)^:S. It is a morphism because if F C {TTp)^:S is a rank-1 torsion-free subslieaf 
of (7rp)=i,£', then 7r*F/Tors C S. Since £ is semi-stable, the degree of 7r*F/Tors is < deg£^/2 = 
{d - 2)/2. Therefore degF < (d - 2)/2 + 1 = d/2, and {np)^S is semi-stable. 

The dimension of iSWc(2,L) \ SUc{2,L) is therefore less than or equal to the dimension of 
SUcpi^, -n*L{—pi —P2)), which is Sf? — 6 unless g = 2 and degL is even when it is 1 = 3(7 — 5. But 

if ^ = 2 and degL is even then SUc{2, L) = SUc{2, L) ~ (see [Bho98]). Therefore, 
codim (5Wc(2, L) \ SUc{2, L),SUc{2, L)) > (3^-3) - (3^-6) = 3. 

□ 

Remark. The proof of the proposition shows that, except for the case g = 2 and degL even, 
SUc{2, L)\SUc{2, L) is the union of \ J\ varieties of dimension 3g — 6, the images of the morphisms 
(TTp)* described above, one for each node. 

An immediate consequence of Corollarv 1 1 2 . 41 and Proposition 112.51 is the following result, which 
was already proved by Bhosle (see [Bho99] and [Bho04]). 

Corollary 12.6. If C is an irreducible nodal curve of genus > 2 and degL is odd, then 

A33-4(5Wc(2,L)) ~Z. 

Our last application is the following corollary. 

Corollary 12.7. If C is an irreducible nodal curve of genus > 2, then A3g-4{SUc{2, L)) ^ Z. 

Proof Bhosle proved in [Bho99] and [Bho04] that A3g_i{SUc{2, L)) ~ Z. The result follows 
from the exact sequence (see [Ful84, 1.8]) 

A,g^,{SUc{2,L) \ SUc{2, L))^A.^g_^{SUc{2, L))^A,g_,{SUc{2, L))-^0 

and Proposition 112. 5( □ 
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